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Abstract
The preemptive real-time scheduling of sporadic parallel
task systems is studied. We present an algorithm, called
Gang EDF, which applies the Earliest Deadline First (EDF)
policy to the traditional Gang scheduling scheme. We also
provide schedulability analysis of Gang EDF. Specifically,
the total amount of interference that is necessary to cause
a deadline miss is first identified. The contribution of each
task to the interference is then bounded. Finally, verifying
that the total amount of contribution does not exceed the
necessary interference for every task, the schedulability test
is derived. Although the techniques proposed herein are
based on the prior results for the sequential task model, we
introduce new ideas for the parallel task model.

1 Introduction
Ever since the emergence of multiprocessor systems,
the idea of parallel processing – simultaneous use of multiple processors for an individual task – has appeared in
various environments, particularly in the domain of highperformance computing. Given that much attention has
been focused on the research and development of manycore architectures [38, 35], which integrate many lowpower cores on a chip, parallel processing is now relevant
to even embedded real-time systems [33, 36, 29].
It has been shown that the performance of parallel processing highly depends on the scheduling of parallel tasks.
We expect individual tasks to achieve excellent performance
by parallelization. The primary issue is how to allocate CPU
resources among competing tasks, in such a way that satisfies the demand of tasks and produces good overall performance. These objectives have raised a number of scheduling issues with respect to various parallel task systems.
In parallel applications, there is evidence that threads
of the same task should or even must be executed in par∗ This
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allel. Let us consider two examples related to sharedmemory multiprocessor systems, which are introduced in
[16]. Imagine a case in which many threads access a critical section guarded by a lock. The lock must be acquired
by threads before using the critical section. A thread which
captured the lock may lose its processor due to preemptive
scheduling policies. Then, other threads must wait for the
release of the lock until the next time quantum in which the
thread holding the lock is running. Thus, a thread which
is holding the lock should not be preempted when other
threads of the same task are running. Consider the second example: two threads of the same task, a sender and
a receiver, communicate with each other but are run in different times. A message from the sender must wait until the
receiver obtains the CPU resource. A response from the receiver must also wait until the sender is resumed. The above
two examples imply that threads of the same task should be
run in parallel.
In order to achieve eﬃcient parallel processing, Gang
scheduling and Coscheduling [34, 22, 19] have been invented. They grant the processors to the threads of the
same task at the same time quantum. Gang scheduling is
stricter than Coscheduling in that it requires all threads of
the same task to run concurrently, while Coscheduling allows for fragments, which are sets of threads that do not run
concurrently with the rest of the gang.
This research is aimed at exploring the real-time scheduling of parallel task systems. In particular, we study such
an algorithm that applies the Earliest Deadline First (EDF)
[31] policy to Gang scheduling. To the best of our knowledge, no research has ever focused on this subject, while
diﬀerent scheduling algorithms and assumptions are found
in [32, 28, 30, 12]. In addition, this is the first challenge that
obtains the schedulability conditions of EDF for the parallel task model, though some heuristics and simulation-based
tests have been considered in [32, 28].
The rest of this paper is organized as follows. In the next
section, the task model is defined. The Gang EDF scheduling is presented in Section 3, and its schedulability analysis
is given in Section 4. The related work is presented in Section 5. This paper is concluded in Section 6.

processors

We consider parallel task systems on shared-memory
muti-core/many-core platforms with m processing units. In
general, a parallel task is said to be: (i) rigid if the number of processors simultaneously used by the task is fixed
a priori, (ii) moldable if the number of processors simultaneously used by the task is not fixed but determined before
the execution, and (iii) malleable if the number of processors simultaneously used by the task can change at runtime.
We focus on the moldable task model in this paper.
According to [16, 17], most parallel applications in the
real world are moldable, and at the submission time users
or schedulers select the number of processors upon which a
parallel task will run. We particularly assume that a parallel
task generates the same number of threads as used processors before the execution, and each of which is handled as
a generic individual task, like most MPI [40] and OpenMP
[8] implementations do.
Let τ = {τ1 , τ2 , ..., τn } denote a set of n sporadic moldable parallel tasks. Each task τi = (vi , Ci , Di , T i ) is characterized by the number vi of used processors, a worst-case
execution time Ci when executed in parallel on vi processors, a minimum inter-arrival time T i (also called period),
and a relative deadline Di . The utilization of τi is defined
by Ui = Ci /T i . In this paper, we restrict our attention to a
constrained-deadline case: i.e., Di ≤ T i holds for any τi .
Each task τi generates an infinite sequence of jobs, with
arrival times of successive jobs separated by at least T i time
units. Each job of τi , executed in parallel by vi threads (on vi
processors), has a worst-case execution time equal to Ci and
a deadline at Di time units after its arrival time. In fact, perfect parallelism may not be possible, and actual execution
times may be diﬀerent among the vi threads within a job.
We therefore consider Ci to be the worst-case time amount
that at least one thread within the job is executing for. We
also assume that all threads within the job consume Ci time
units, including idle and waiting times to synchronize with
each other for parallel execution. As a result, the execution
of a job of τi is represented as a Ci × vi rectangle in time ×
processor space.
Jobs are fully independent and preemptive: any job being
executed can be suspended (preempted) at any time instant,
and it is later resumed with no cost or penalty. Resource
sharing is restricted to threads within a task.
While prior work [15, 32, 12] paid attention on the
speedup ratio of Ci with respect to vi , to obtain better runtime scheduling results, the speedup model is not strictly
defined in this paper. The primary goal of this paper is
rather to provide the guarantees for all tasks to be schedulable when Ci and vi are given. Specifically, we assume
that Ci is determined by vi , and vi is determined by users or
schedulers before the execution.
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Figure 2. Gang scheduling case.
The demand bound function dbf(τi , L), originally introduced by Baruah et al. [6], is extended to compute the upper bound of the processor demand of τi , parallelized on vi
processors, over any time interval of length L.
 


L − Di
dbf(τi , L) = max 0,
(1)
+ 1 × C i × vi
Ti
We also define the horizontal-demand bound function,
hbf(τi , L), that computes the upper bound of the time length
demand of τi over any time interval of length L, which results in the traditional form of the demand bound function
[6] designed for the sequential task model.
hbf(τi , L) = dbf(τi , L) ×

1
vi

(2)

3 Gang EDF Scheduling
We present an algorithm, called Gang EDF, which applies the EDF policy to the Gang scheduling scheme. Gang
EDF is basically the same as the classical Global EDF: jobs
with earlier deadlines are assigned higher priorities. However, we need to take into account spacial limitation on the
number of available processors in Gang EDF, while we can
always choose m ready tasks in Global EDF.
Let Qk be a set of k tasks that have ready jobs with the
earliest (and earlier) deadlines. For the k tasks included in


such Qk that satisfies τi ∈Qk vi ≤ m and τi ∈Qk+1 vi > m, they
can be uneventfully dispatched for execution. However, we
need to take care of such a task τ j that is not included in Qk
but in Qk+1 , i.e., the one has a ready job with the k + 1th

earliest deadline, since there are only m − τi ∈Qk vi (< v j )
processors available for τ j .
For scheduling such τ j , we have two scheduling policies.

Coscheduling just partially executes m − τi ∈Qk vi threads
of τ j , and its remaining threads are executed when some
processors become available for τ j , as shown in Figure 1.
Under this scheduling strategy, tasks with later deadlines are
never scheduled ahead of τ j , as the classical Global EDF.

Let Qready be a set of ready tasks that are sorted in
order of early deadlines.
Let Qrun be a set of running tasks being scheduled.
Let first task(Qready ) be a function that returns the
first task in Qready .
1. Qrun = ∅;

2. while Qready  ∅ ∧ τi ∈Qrun vi  m do
3.
τ j = first task(Qready );

4.
if v j + τi ∈Qrun vi ≤ m then
5.
Qrun = Qrun ∪ {τ j };
6.
end if
7.
Qready = Qready \ {τ j };
8. end while
9. execute all the tasks in Qrun ;
Figure 3. Gang EDF scheduling policy.
In fact, Coscheduling is appropriate for the malleable task
model rather than the moldable one. Gang scheduling, on
the other hand, temporarily blocks all the threads of τ j until
more than or equal to v j processors become available for τ j ,
as shown in Figure 2, and tasks with later deadlines may be
scheduled ahead of τ j .
Coscheduling may complete the job of τ j earlier than
Gang scheduling. However, it may increase the total
amount of time that the job executes for, because some
threads may cause busy wait to synchronize with other suspended ones in Coscheduling. If such a synchronization occurs at the end of job execution, even the completion time
may not be very diﬀerent between the two policies. Hence,
we adopt Gang scheduling in this paper.
Gang EDF selects a job with the earliest deadline, and
if the job cannot start due to spacial limitation on the number of available processors, then it selects the next one according to a first fit heuristic. The pseudo-code of Gang
EDF is described in Figure 3. In order to realize Gang EDF
scheduling, we need additional implementations to preempt
all the threads within a parallel job, when at least one thread
needs to be preempted, for most commodity operating systems, like Linux. However, we claim that the implementation is still realistic, since most those operating systems support software interruption functions that enable one scheduler to invoke others executing on diﬀerent processors.

4 Schedulability Analysis
In this section, we derive a schedulability test of Gang
EDF for sporadic moldable parallel task systems with constrained deadlines. Our approach is based on the techniques
proposed by Baruah et al. [4]: we obtain necessary conditions for any constrained sporadic task system τ scheduled
by Gang EDF to miss a deadline on m processors – hence-

forth referred to as the [BAR] test. Specifically, the first
part of the schedulability test is a direct modification of the
[BAR] test, however we introduce new ideas for Gang EDF
in the second part.
In the schedulability test, we assume that the number of
used processors for parallel execution of each task τi has
been already given (by users or schedulers). Then, the test
verifies the given system is schedulable or not. The test may
also help designers to decide the number of used processors
for each task.
Following the [BAR] test, we first consider any legal sequence of job requests of task system τ, on which a deadline is missed by Gang EDF. Suppose that a job of task τk –
henceforth referred to as the problem job – is the one to first
miss a deadline at time td , i.e., td is equal to the deadline of
this job. Let ta be the arrival time of this job: ta = td − Dk ,
and to be the latest time instant earlier than or equal to ta ,
at which at least vk processors are idled. We then denote by
Δk = td − to the length of interval [to , td ). There is no need to
take care of all jobs with deadlines later than td , since such
jobs have no eﬀect on those with earlier deadlines under
preemptive EDF scheduling.
As approaches in [2, 7, 3, 4, 5], our goal is to identify
necessary conditions for a deadline miss to occur. In order
for the problem job to miss a deadline, it is necessary that
the job is blocked for strictly more than Dk − Ck time units
over [ta , td ). Since τk requires vk processors at the same
time for parallel execution, it is blocked while m − vk + 1
or more processors are busy. Given the definition of to , if
the deadline of the problem job is missed, the total length
of intervals over [to , td ), during which at least m − vk + 1
processors are executing jobs other than the problem job,
must be greater than Δk − Ck . Notice that this minimum
interference necessary for the deadline miss can be depicted
by a rectangle in time × processor space, whose width wk
and height hk are given by Equation (3) and (4) respectively.
wk = Δk − Ck
h k = m − vk + 1

(3)
(4)

Henceforth, this rectangle is called interference rectangle of τk . Now, we know that if the total amount of work
done by jobs other than the problem job over [to , td ) is
greater than the size of the interference rectangle of τk , the
deadline of the problem job is missed.
Figure 4 shows an example of the schedule produced by
Gang EDF, on which the problem job missed a deadline.
The light-gray box indicates the execution of the problem
job, and the dark-gray boxes indicate the executions of jobs
of other jobs, which have earlier deadlines than the problem
job. We can observe that the problem job missed a deadline, because the total length of intervals over [to , td ), during which at least hk = m − vk + 1 processors are busy as
depicted by the shadow area, is greater than Δk − Ck .

Δk
Ak

deadline miss

Dk

processors

a job of τk.
jobs of other tasks.
hk processors are busy.

to

ta

td

time

Figure 4. Example of deadline miss in Gang EDF scheduling.
We realize that some processors may be left idle in Gang
EDF scheduling, even though there are ready jobs. However, we can still say that Gang EDF is work-conserving,
since none of the ready jobs can fit the idle processors,
which means that none of them is eligible.
Let Ik (τi ) denote the contribution of τi to the work that interferes the problem job over [to , td ), meaning that it blocks
the problem job over [ta , td ) and executes over [to , ta ). In
order for the deadline miss of the problem job to occur, it is
necessary that the total amount of work that interferes over
[to , td ) satisfies:

Ik (τi ) > wk × hk
(5)
τi ∈τ

Notice that hk is fixed while wk is not, since Δk is not
determined, so we have not known yet the time at which
at least m − vk processors are idled. To show that a given
system is schedulable by Gang EDF, we must show that
Condition (5) cannot be satisfied for all tasks τk and for all
values of Δk , but the range of the check points for Δk can
be reduced to a finite number, as demonstrated later in this
section.
According to the [BAR] test, we have carry-in jobs in
the interference rectangle who arrive before to and have
not completed execution by to . In the following, the upper
bound on the contribution of τi to the interference rectangle
is denoted by I1 (τi ) if τi does not have a carry-in job, and is
denoted by I2 (τi ) if it does.

4.1 Simple Bounds
We first consider a simple analysis that is directly modified from [4]. If a task τi does not have a carry-in job, its
contribution to the interference rectangle of τk is generated
by jobs that arrive in, and have deadlines within, the interval
[to , td ). So for the case i  k, the horizontal contribution of
τi is at most hbf(τi , Δk ). It cannot also exceed the width of
the interference rectangle of τk . Hence, the horizontal contribution of τi to the interference rectangle of τk is at most
min{hbf(τi , Δk ), wk }.
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Figure 5. Carry-in job execution.
Meanwhile, its vertical contribution is constant and is at
most vi . It cannot also exceed the height of the interference
rectangle of τk . Hence, the vertical contribution of τi to the
interference rectangle of τk is at most
min(vi , hk ).
Now, consider the case i = k. From Di ≤ T i we know
that the job of τk arriving at ta cannot contribute to the interference rectangle. Its contribution cannot also exceed
the length of the interval [to , ta ), which is represented as
Ak = Δk − Dk in Figure 4.
Putting these pieces together, the upper bound on the
contribution of τi to the interference rectangle is obtained
by Equation (6).
I1 (τi ) =

min{hbf(τi , Δk ), wk } × min(vi , hk )
min{hbf(τi , Δk ) − Ck , Ak } × min(vi , hk )

if i  k
otherwise
(6)

Let us now consider the case in which a task τi oﬀers
a carry-in job. It was shown in [7] that the total amount
of time that τi can consume in this case can be bounded by
considering the scenario in which some job of τi has a deadline at td , and all jobs of τi are executed without preemptions
and complete at their deadlines, as shown in Figure 5.
Let hbf (τi , L) be the horizontal demand of τi over a contiguous interval of length L, if some job of τi has its deadline
at the very end of the interval and all jobs of τi complete at
their deadlines without preemptions. It is easily seen from
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Figure 6. Contributions of two tasks to interference rectangle when hbf(τ j , Δk ) ≤ wk ≤
hbf(τi , Δk ) and hk − vi ≤ v j ≤ hk hold.

Figure 7. Contributions of two tasks to interference rectangle when vi ≤ hk ≤ v j and
wk − hbf(τ j , Δk ) ≤ hbf(τi , Δk ) ≤ wk hold.

Figure 5 that the number of jobs of τi that arrive in, and have
deadlines within, the interval is L/T i . It is also easily seen
that the carry-in amount is at most min(Ci , L mod T i ). Thus,
hbf (τi , L) is given by:
 
L

hbf (τi , L) =
(7)
× Ci + min(Ci , L mod T i )
Ti

Proof. In the wk × hk interference rectangle, for any task the
horizontal contribution is no greater than wk and the vertical
one is no greater than hk .
We first consider the case in which τi contributes to the
interference rectangle by wk × vi . It is obvious that the
contribution of τ j to the interference rectangle is at most
hbf(τ j , Δk ) × (hk − vi ), as shown in Figure 6. Note that the
interference rectangle may not be contiguous, and therefore
may not be a single rectangle, but the total size is equal to
wk × hk in any case.
We next consider the case in which τ j contributes to the
interference rectangle by hbf(τ j , Δk ) × v j . In this case, τ j is
moved upwards by the length v j + vi − hk , and therefore the
contribution of τ j is increased by

Using hbf (τi , L) given above, the contribution of τi with
a carry-in job to the interference rectangle can be bounded
in the same way as the one without a carry-in job, and is
derived as follows.
I2 (τi ) =

min{hbf  (τi , Δk ), wk } × min(vi , hk )
min{hbf  (τi , Δk ) − Ck , Ak } × min(vi , hk )

if i  k
otherwise
(8)

4.2 Improved Bounds
The bounds of the contribution of each task to the interference rectangle of τk , derived in Section 4.1, are obtained
simply based on the [BAR] test that has been designed for
Global EDF. In this section, we improve the tightness of the
bounds in consideration of the Gang scheduling behavior,
to obtain better schedulability results.
We notice that Equation (6) is pessimistic in that it overestimates the amount of the interference from each task τi
to τk . In order to reduce the parts of I1 (τi ) that are obviously
overestimated, we give the following lemmas.
Lemma 1. For any two tasks τi and τ j (i  j  k), if
hbf(τ j , Δk ) ≤ wk ≤ hbf(τi , Δk ) and hk − vi ≤ v j ≤ hk are
satisfied, where wk and hk are the width and height of the
interference rectangle of τk , the sum of I1 (τi ) and I1 (τ j ) is
at most:
wk × vi + hbf(τ j , Δk ) × (hk − vi )

(9)

Iinc = hbf(τ j , Δk ) × (v j + vi − hk ),
as compared to the situation depicted in Figure 6. Since τ j
moves upwards by the length v j + vi − hk , τi must also move
upwards by the length v j +vi −hk or rightwards by the length
hbf(τ j , Δk ) in the interference rectangle.
• If τi moves upwards, the contribution of τi is decreased
by Idec = wk ×(v j +vi −hk ). Since we know hbf(τ j , Δk ) ≤
wk , we have Idec ≥ hbf(τ j , Δk ) × (v j + vi − hk ) = Iinc .
• If τi moves rightwards, the contribution of τi is decreased by Idec = hbf(τj , Δk ) × vi . Since we know
v j ≤ hk , we have Idec ≥ hbf(τj , Δk ) × vi + v j − hk = Iinc .
There is no need to consider the case in which τi moves
both rightwards and upwards, since it must move either upwards by v j + vi − hk or rightwards by hbf(τi , Δk ) after all, to
let τ j move upwards. As a result, moving τ j upwards never
increases the interference. Hence, the lemma is true.

Lemma 2. For any two tasks τi and τ j (i  j  k), if
vi ≤ hk ≤ v j and wk − hbf(τ j , Δk ) ≤ hbf(τi , Δk ) ≤ wk are

satisfied, where wk and hk are the width and height of the
interference rectangle of τk , the sum of I1 (τi ) and I1 (τ j ) is
at most:
{wk − hbf(τ j , Δk )} × vi + hbf(τ j , Δk ) × hk

(10)

Proof. The corresponding situation is shown in Figure 7.
Reversing the width and the height of Figure 7, we obtain the same situation in Figure 6, in which τi and τ j are
swapped. Thus, the lemma is true by the same reason as
Lemma 1.

Note that Equation (9) and (10) are equal. From Lemma
1 and 2, it is clear that Equation (6) is pessimistic when any
two tasks in Lemma 1 and 2 are given, because it assumes
that the vertical contribution of τ j to the interference rectangle is always at most v j , while Lemma 1 implies that it is at
most hk − vi . By the same token, Equation (6) assumes that
the horizontal contribution of τ j to the interference rectangle is always at most hbf(τ j , Δk ), while Lemma 2 implies
that it is at most wk − hbf(τ j , Δk ).
Lemma 1 leads to that for a task τ j whose vertical demand is hk − vi ≤ v j ≤ hk , the size of the interference rectangle looks like wk × (hk − vi ). Lemma 2 also leads to that
for a task τ j whose horizontal demand is wk − hbf(τi , Δk ) ≤
hbf(τ j , Δk ) ≤ wk , the size of the interference rectangle looks
like {wk − hbf(τi , Δk )} × hk . The above discussion gives the
following lemmas.
Lemma 3. The wk × hk interference rectangle of τk can be
minified to the wk × (hk − vi ) one, if there exists a task τi with
hbf(τ, Δk ) ≥ wk .
Lemma 4. The wk × hk interference rectangle of τk can be
minified to the {wk − hbf(τi , Δk )} × hk one, if there exists a
task τi with vi ≥ hk .
Using Lemma 3 and 4, the interference I1 (τi ) of each task
τi to τk is renewed as follows.
The interference rectangle of τk is initially given as wk =
Δk − Ck and hk = m − vk + 1. Let us denote α1 = {τik ∈ τ |
hbf(τi , Δk ) ≥ wk }: a set of tasks whose horizontal demands
are greater than or equal to the width of the interference
rectangle. Like Equation (6), we first let the contribution of
every such task τi ∈ α1 be
I1 (τi ∈ α1 ) = wk × min{vi , hk }.
Now, we know from Lemma 3 that the height of the interference rectangle can be reduced to

hk (α1 ) = hk −
vi .


τi ∈α1

Note that if τi ∈α1 vi ≥ hk holds, the interference rectangle
is filled with a set of tasks {τi ∈ α1 }, meaning that τk is not
schedulable.

Let us next denote β1 = {τi  α1 | vi ≥ hk (α1 )}: a set
of tasks whose vertical demands are greater than or equal
to the height of the renewed interference rectangle. The
contribution of every such task τik ∈ β1 is then at most
I1 (τi ∈ β1 ) = hbf(τi , Δk ) × hk (α1 ).
Now, the width of the interference rectangle can be reduced to

wk (β1 ) = wk −
hbf(τi , Δk ).
τi ∈β1

By the same token, we can repeat reducing the size of the
interference rectangle by finding a set of tasks that (i) have
horizontal demands greater than or equal to the width of the
interference rectangle and (ii) have vertical demands greater
than or equal to the height of the interference rectangle, one
after the other. Let us now give the following notations,
where hk (α0 ) = hk and wk (β0 ) = wk .
⎧
⎫
⎪
⎪

⎪
⎪
⎨
⎬

αs = ⎪

α
∪
β
,
Δ
)
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w
(β
)
hbf(τ
τ
⎪
ik
r
r
i
k
k
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⎪
⎪
⎩
⎭
r<s

⎧
⎪
⎪
⎨
τ 
βs = ⎪
⎪
⎩ ik

r<s

αr ∪
r≤s

hk (α s ) = hk −
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τi ∈ r≤s αr

wk (β s ) = wk −




τi ∈ r≤s βr

⎫
⎪

⎪
⎬
βr  vi ≥ hk (α s )⎪
⎪
⎭

(11)
(12)

vi

(13)

hbf(τi , Δk )

(14)

The procedure of reducing the size of the interference
rectangle is then formalized as follows.
1. Initialize as s = 1.
2. Find α s . If α s = ∅, go to Step 5. Otherwise define
αmax = α s .
3. Find β s . If β s = ∅, go to Step 5. Otherwise define
βmax = β s .
4. Increment as s = s + 1. Go back to Step 2.
5. Exit the procedure.
Let γ be a set of the remaining tasks that are not included
in any α s and any β s :
γ = {τi  α1 ∪ ... ∪ αmax ∪ β1 ∪ ... ∪ βmax }

(15)

The size of the interference rectangle is now reduced to
wk (βmax ) × hk (αmax ). By definition of γ, we know that ∀τi ∈
γ satisfies hbf(τi , Δk ) < wk (βmax ) and vi < hk (αmax ). In
addition, by definitions of α s and β s , we know that ∀τi ∈ α s

satisfies hbf(τi , Δk ) ≥ wk (β s−1 ), and ∀τi ∈ β s satisfies vi ≥
hk (α s ). Consequently, the upper bound on the contribution
of τi with a carry-in job to the interference rectangle of τk
can be renewed by Equation (16).
I1 (τi ) =
⎧
⎪
wk (β s−1 ) × vi
⎪
⎪
⎪
⎪
⎪
⎨ hbf(τi , Δk ) × hk (α s )
⎪
⎪
⎪
hbf(τi , Δk ) × vi
⎪
⎪
⎪
⎩ min{hbf(τi , Δk ) − Ck , Ak } × vi

if τi ∈ α s
if τi ∈ β s
if τi ∈ γ ∧ i  k
otherwise
(16)

We can remove the overestimated parts of Equation (8)
in the same way. As seen in Section 4.1, all we have to
do is to replace hbf(τi , Δk ) with hbf (τi , Δk ) that is given by
Equation (7). So let us give the following notions, where
hk (α0 ) = hk and wk (β0 ) = wk .
⎧
⎫
⎪
⎪

⎪
⎪
⎨
⎬
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Let us also define γ as a set of the remaining tasks that are
not included into any αs and any βs :
γ = {τi  α1 ∪ ... ∪ αmax ∪ β1 ∪ ... ∪ βmax }

(21)

Consequently, the upper bound on the contribution of τi
with no carry-in job to the interference rectangle of τk can
be renewed by Equation (22).
I2 (τi ) =
⎧
⎪
wk (βs−1 ) × vi
⎪
⎪
⎪
⎪
⎪
⎨ hbf  (τi , Δk ) × hk (αs )
⎪
⎪
⎪
hbf  (τi , Δk ) × vi
⎪
⎪
⎪
⎩ min{hbf  (τi , Δk ) − Ck , Ak } × vi

It is clear that Idiﬀ (τi ) represents the contribution of τi by
its carry-in job to the interference rectangle. By definition
of to , the number of used processors just before time to is at
most m − vk . Thus, the total amount of work contributed by
the carry-in parts is at most Icarry−in defined by Equation (24)

below, where σ is any set of tasks, which satisfies τi ∈σ vi ≤
m − vk .



max τi ∈σ Idiﬀ (τi ) if ∃σ ⊂ τ
(24)
Icarry−in =
max {Idiﬀ (τi )}
otherwise
In order to obtain Icarry−in , we first need to determine σ
if it exists, however this problem is reduced to the knapsack
problem that is known to be NP-hard to solve, given that we
can consider m − vk as the size of a knapsack, each vi as the
size of an item, and each Idiﬀ (τi ) as the value of an item.
To simplify the problem, we allow Icarry−in to be slightly
overestimated. Let τ be a copy of τ, in which the tasks are
sorted such that Idiﬀ (τi )/vi ≥ Idiﬀ (τi+1 )/vi+1 for any i, where
ties are broken in favor of greater vi . We then just choose a
set τcarry−in of the first tasks in τ satisfying

vi ≥ m − vk .
τi ∈τcarry−in

On obtaining Icarry−in from τcarry−in , we need not to take
into account a part of the vertical demand, which protrudes
from the height m−vk of the interference rectangle. In other
words, we can consider that the number of processors used
by the last task τl in τcarry−in is nl , which is given as

nl = m − vk −
vi .
τi ∈τcarry−in \τl


Note that nl = vl holds if τi ∈τcarry−in vi = m − vk holds.
The total amount of work that is contributed by the carry-in
jobs is now approximated by Equation (25) below, instead
of Equation (24).

Idiﬀ (τi ) − (vl − nl ) × Idiﬀ (τl )
(25)
Icarry−in =
τi ∈τcarry−in

if τi ∈ αs
if τi ∈ βs
if τi ∈ γ ∧ i  k
otherwise
(22)

4.3 Schedulability Condition

We know that the tasks {τi ∈ τcarry−in } contribute to each
I2 (τi ), meaning that the remaining tasks {τi ∈ τ \ τcarry−in }
must contribute to each I1 (τi ). Hence, Equation (5) may be
rewritten as Equation (26) below, where Icarry−in is given by
Equation (25).

I1 (τi ) + Icarry−in > wk × hk
(26)
τi ∈τ

We now put the pieces of I1 (τi ) and I2 (τi ) together. Note
that the following discussion is true for both the simple
bounds derived in Section (4.1) and the improved bounds
derived in Section (4.2).
Let Idiﬀ be the diﬀerence between I2 (τi ) and I1 (τi ):
Idiﬀ (τi ) = I2 (τi ) − I1 (τi )

(23)

Theorem 1. It is guaranteed that a task system τ is successfully scheduled by Gang EDF upon m processors, if the
following condition is satisfied for all tasks τk ∈ τ and all
Δk ≥ Dk .

I1 (τi ) + Icarry−in ≤ wk × hk
(27)
τi ∈τ

To the best of our knowledge, no schedulability tests
other than the [BAR] test are exact even for uniprocessor
systems. Our test provided in Theorem 1 also succeeds this
superior property of the [BAR] test. In fact, our test is a
generalization of the [BAR] test.
Consider the case in which vi = 1 holds for all tasks
{τi ∈ τ}. From Equation (6) and (8), I1 (τi ) and I2 (τi ) are
rewritten as follows.

min{hbf(τi , Δk ), wk }
if i  k
I1 (τi ) =
min{hbf(τi , Δk ) − Ck , Ak } otherwise

I2 (τi ) =

τ ∈τ

⇒

i


{(Δk − Di + T i ) × Ui × min(vi , hk )} + Ccarry−in

τi ∈τ

> (Δk − Ck ) × hk

hk Ck − τi ∈τ {(Di − T i )Ui × min(vi , hk )} + Ccarry−in

⇒Δk ≤
hk − τi ∈τ Ui × min(vi , hk )
Thus, the theorem is true.

min{hbf  (τi , Δk ), wk }
min{hbf  (τi , Δk ) − Ck , Ak }

if i  k
otherwise

Notice that wk can be rewritten as Ak + Dk − Ck . We also
know (i) hbf(τi , L) = dbf(τi , L), (ii) hk = m, and (iii) the
number of tasks containing carry-in jobs is at most m − 1,
for the special case vi = 1. Condition (27) can be therefore
rewritten as:


I1 (τi ) +
Idiﬀ (τi ) ≤ m(Ak + Dk − Ck ).
τi ∈τ

To violate Condition (27), the following must be satisfied.

hbf(τi , Δk ) × min(vi , hk ) + Ccarry−in > wk × hk

the (m−1) largest

The above expression is exactly the same as the schedulability condition of the [BAR] test (presented as Theorem 2
in [4]). Our claim is thus true.
Corollary 1. The schedulability test derived in Theorem 1
is a generalization of the exact schedulability test [6] designed for the uniprocessor EDF scheduling, as well as the
[BAR] test [4] designed for the multiprocessor Global EDF
scheduling.
As we stated before, the range of the check points for Δk
in Condition (27) can be reduced to a finite number. The
following theorem extends the analysis of the [BAR] test
(presented as Theorem 3 in [4]) to clarify the range of the
check points.
Theorem 2. If Condition (27) is to be violated for any Δk ≥
Dk , then it is violated for some Δk ≥ Dk satisfying Condition

(28), where Ccarry−in denotes τi ∈τcarry−in Ci .

hkCk − τi ∈τ {(Di − T i )Ui × min(vi , hk )} + Ccarry−in
Δk ≤

hk − τi ∈τ Ui × min(vi , hk )
(28)
Proof. Equation (2) and Condition (6) tell us:
I1 (τi ) ≤ hbf(τi , Δk ) × min(vi , hk )
≤ (Δk − Di + T i ) × Ui × min(vi , hk ).
Given also that the amount of the carry-in execution of τi is
at most Ci , we can derive:
I2 (τi ) ≤ I1 (τi ) + Ci × min(vi , hk ).



Theorem 2 implies that Condition (27) needs to be tested
at only those values of Δk ≥ Dk at which hbf(τi , Δk ) changes
for some τi . It follows that the schedulability test in Theorem 1 can be done in time pseudo-polynomial.

5 Related Work
In recent years, the preemptive EDF scheduling of sporadic task systems on identical multiprocessors has been
much studied in algorithm design [14, 9, 37, 1, 26, 27] as
well as schedulability analysis [23, 2, 3, 7, 10, 4, 5]. All
these work, however, consider the sequential task model
where any individual job uses at most one processor at any
time instant. Meanwhile, we here considered the parallel
task model where an individual job may be executed in parallel on more than one processor. Remember that this work
generalized the result in [4], so our result is still valid for
the sequential task model.
In parallel processing, several task models have been introduced [20, 11, 39]. According to [17], most parallel applications are moldable, that is, the number of processors
to execute a parallel task is not fixed but determined before
the execution. This number does not change until the completion of the parallel task. The scheduling of such moldable parallel task systems is often based on Gang scheduling or Coscheduling [34, 22, 19]. Gang scheduling and
Coscheduling have also been extensively studied for many
objectives [13, 18, 21, 41, 42, 43]. Performance comparison of several task dispatching policies in Gang scheduling
was reported in [25]. The primary objective of these work
is, however, to minimize make-span or response time of the
given task system. Unlike general-purpose systems, timing constraints such as release times and deadlines must be
concerned in real-time systems. We therefore combined the
EDF policy and the Gang scheduling scheme, to realize the
real-time scheduling of parallel task systems.
The problem of scheduling parallel tasks in generalpurpose systems is summarized in [16, 17], and is proved
to be NP-hard or NP-complete, regardless of preemptive
and non-preemptive assumptions. As reported in [24], it
is easily seen that the problem of scheduling parallel tasks

in real-time systems is also NP-hard or NP-complete, since
we have additional constraints, namely, release times and
deadlines. In this paper, we presented an eﬃcient on-line
algorithm, Gang EDF, for the real-time scheduling of parallel task systems. Particularly, we aimed at verifying if a
given task system is successfully scheduled by Gang EDF.
Unlike general-purpose systems described above, realtime systems have not received much attention in the problem of scheduling parallel tasks. Han et al. in [24]
proved that the preemptive fixed-priority scheduling of parallel task systems is NP-hard. Drozdowski in [15] studied the scheduling of linear-speedup parallel tasks with release times but not with deadlines. The EDF scheduling
of moldable parallel tasks was investigated by Manimaran
et al. in [32], but they presumed non-preemptive tasks,
while we dealt with preemptive tasks. Kwon et al. in [28]
explored the preemptive EDF scheduling of moldable and
malleable parallel task systems with linear-speedup parallelism. In fact, the subject of [28] is similar to this work,
but they focused on on-line heuristics to maximize the total amount of work that complete before deadlines, while
we focused on schedulability analysis to guarantee a given
task system schedulable. The optimal real-time scheduling
of malleable parallel task systems was considered by Lee
et al. in [30] and Collette et al. in [12]. The diﬀerence
between them is that Lee et al. assumed arbitrary-deadline
systems with linear-speedup parallelism, while Collette et
al. did implicit-deadline systems with work-limited parallelism. Given that the malleability is not widely supported
in practical applications [17], we restricted our attention to
the moldable task model.

6 Conclusion
In this paper, we studied the Gang EDF scheduling of
preemptive, sporadic, constrained-deadline, and moldable
parallel task systems. Gang EDF dispatches the earliestdeadline jobs in those which can execute all the threads simultaneously at any time instants. In other words, laterdeadline jobs may be dispatched ahead of earlier-deadline
jobs, if the number of available processors is less than the
requirement of the earlier-deadline jobs. Apart from this
spacial limitation on the number of used processors, Gang
EDF is subject to Global EDF.
In schedulability analysis, we derived the schedulability
test of Gang EDF, with its basis on the Global EDF schedulability test (the [BAR] test) presented by Baruah in [4]. Our
test is in fact a generalization of the [BAR] test. That is, for
the sequential task model, our test can output the same result as the [BAR] test. To the best of our knowledge, this
is the first research that has focused on the preemptive realtime scheduling of sporadic moldable parallel task systems
and has provided the schedulability test of Gang EDF.

We still have many issues left open for future work, since
the subject of this research is a new field. Though we focused on the subject under the assumption that the number of threads (used processors) for each parallel task is
known or given by designers, it is an interesting challenge
to dynamically determine the number so that we can obtain
schedulability improvements. In this case, it is important to
take into account speedup models, such as linear speedup
and work-limited speedup. We will also attempt to develop
new algorithms beyond Gang EDF. Given that Gang EDF
is an integration of Gang scheduling and Global EDF, other
global scheduling algorithms, such as EDF-US [37], EDZL
[9], and EDCL [26], are worth being considered. Furthermore, finding optimal scheduling algorithms for the moldable parallel task model is a challenging issue.
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